ABSTRACT
INTRODUCTION
Actuators capable of delivering high torque with increasing accuracy, speed and dexterity are found in numerous applications such as manufacturing, robotics [1] and microfactory [2] . Many of these high-torque electromagnetic applications involve solving the three dimensional (3D) magnetic fields of permanent and electro magnets in the presence of magnetically conducting surfaces.
Existing techniques for analyzing electromagnetic fields and designing multi-DOF PM-based actuators rely primarily on three approaches; namely, analytic solutions to Laplace's equation, numerical methods [3] and lumped-parameter analyses with some form of magnetic equivalent circuits [4] . However, these approaches have difficulties in achieving both accuracy and low computation time simultaneously, particularly when the fields involve magnetically conducting boundaries. These difficulties provided the motivation to develop new methods to derive closed-form field solutions for design and motion control of the actuators. In [5] , we offer a relatively complete formulation, referred to here as the distributed multi poles (DMP) method, to model the magnetic fields of PMs and/or EMs in free space, and demonstrate its application to actuator, sensor and control applications in [6] . To account for the effects of magnetic conducting boundaries on the magnetic fields and torques, we explore the image method to reduce the problems to a more tractable form. As a basis problem-solving tool in electrostatics, the image method replaces the effects of the boundary on an applied field by adding or subtracting elementary fields behind the boundary line called image. The image method has commonly used for analyzing eddy current problems of electromagnetic fields; see for examples [7] [8].
The image method has also been used in FEM [9] to analyze unbounded magnetic fields containing ferromagnetic materials as well as in 2D analytical forms [10] in designing an electromagnetic actuator. Unlike [10] where solutions yield only 1st order accuracy, a nonlinear approach is used to account for effects of eddy currents with magnetic conducting boundary in [7] . However, the methods in [7] are mainly applicable for a simple structure of a conducive rod in a simplified geometry.
In this paper, we extend the DMP method to handle the magnetic conducting boundary using the image method. The methods developed here offer a relatively complete solution of the magnetic field involving magnetic boundaries. Emphases are placed on spherical magnetic conducting boundary for design of multi-DOF spherical actuators.
The remainder of this paper offers the following: 1. We formulate a class of spherical actuator problems with magnetic boundary conditions that appear to be difficult to satisfy if the governing Poisson's or Laplace's equation is to be solved directly. The conditions on the bounding surfaces in these problems are set up by appropriate image (equivalent) charges and solved using the image method. 2. To illustrate the procedure of the DMP/image method we model the magnetic field of a dipole (defined as a pair of source and sink with a separation) for three different magnetic boundaries; the dipole is (i) outside the magnetically grounded spherical rotor, (ii) inside a magnetically grounded hollow spherical stator, and (iii) in between a pair of spherical surfaces. As will be shown, the magnetic field solutions formulated using the DMP model with the image method can be expressed in closed form. 3. We validate the DMP/image method by comparing the torques calculated using the Lorentz force equation and Maxwell stress tensor against numerical results computed using FEM, which agree to within 5% in maximum torque. As will be shown, the DMP/image method takes less than 1% of the FEM computation time. 4. With the numerically validated torque computation, we demonstrate how the DMP/image method can be used to study the effects of iron boundaries on the actuator design. For this, we compare the magnetic torque of electromagnetic pole designs, each with three different boundary conditions, and apply the DMP/image to analyze designs of a spherical wheel motor as illustrative practical applications.
SPHERICAL GROUNDED BOUNDARY
We consider here a class of electromagnetic problems where magnetic charges are in the presence of magnetically grounded conducting boundary. Except at the point charges, the magnetic field is continuous and irrotational, for which a scalar potential can then defined such that
where 0 is the permeability of free space. The formal approach for solving the magnetic field at every point outside the conducting boundary would be to solve the Laplace equation 2 0 , the solution to which must satisfy the following conditions. At points very close to the magnetic charge (source or sink), the potential approaches that of the point charge alone
where m is the strength of the magnetic charge; + and signs designate that the pole is a source or a sink respectively; and R is the distance to m. In addition, the potential is zero ( 0 ) at the grounded conducting surface and points very far from m.
Image Method of a Magnetic Charge
An alternative approach in lieu of a formal solution is the method of images, which replaces bounding surfaces by appropriate image charges, and the potential distributions can then be determined in a straightforward manner. As an illustration, consider Fig. 1(a) where the magnetic charge m (source or sink) in the free space is enclosed by the conducting spherical boundary (radius R) of very high permeability ( , such as iron). The interest here is to determine the distribution inside the grounded spherical surface due to the charge m. Without loss of generality, the surface is assigned a constant zero potential or 0 . In Fig. 1 (a) where XYZ is the reference coordinate system, m is the image of the charge m and lies along the radial line connecting m. The image charge must be outside the region in which the field is to be determined, the parameters ( , ) m a and ( , m a ) are related by Eq. (3):
To facilitate the discussion, we define a local coordinate frame xyz such that m and m are on the y axis at the vector positions, a and a , respectively. In terms of spherical coordinates ( , , ) r , any point x(x,y,z) in the local frame can be expressed in the reference XYZ frame: 
Images of a Magnetic Dipole
Since magnetic poles exist in pairs, we define a dipole as a pair of source m and sink -m separated by a distance d. For a dipole, the images of its source and sink (located at a 1 and a 2 ) are denoted as 1 2 and m m in Fig. 1(b) . Using Eq. (3), the potential at p in the free space containing the dipole can be expressed as . The solution of the image method is not valid in the magnetic conducting sphere since the image dipole does not actually exist but the images are rather standing in for the magnetic densities induced on the magnetic boundary.
Image Method for Spherical EM Actuator
For practical applications to be illustrated, we consider the following cases in spherical coordinates ( , , ) r :
The dipole m is outside the magnetically grounded spherical rotor of radius r r , and its source and sink are located at 
This is essentially a combination of Cases 1 and 2. Since the Laplace equation is linear, the solution can be obtained using the principle of superposition of Cases 1 and 2.
With the specified magnetic dipole and boundary, the images of the source and sink can be calculated from Eq. (9), Eq. (10) or Eq. (11), and hence H in the free space can be found from Eq. (7) and Eq. (1) respectively.
ILLUSTRATIVE EXAMPLES
As an illustration, we consider the electromagnetic system (Fig. 2) which consists of two axially magnetized PMs on the spherical rotor, and an air-cored EM on the inside surface of the hollow spherical stator. The two PMs are identical but their magnetization vectors are in opposite directions (Fig. 2) . The values of the parameters used in this simulation are given in Tab. 1. The interest here is to investigate the effects of the iron boundaries on the magnetic field distribution (in the region between the rotor and stator surfaces) and on the torque acting on the rotor. For the purpose of deriving closed-form field solutions to facilitate the design and control of PM-based devices, we seek the field solutions outside the physical region of the magnet and magnetic boundary, particularly in the free space where the EM is located. Using the DMP method [5] , we use k circular loops of n dipoles (strength m k ) evenly spaced on the circular loop of radius and parallel to the magnetization vector to model the PM. The parameters characterizing the DMP model of the PM are summarized in Tab. 1. The corresponding images (location and strength) reflecting the source and sink of each dipole on the spherical boundaries can be derived from Eq. (6) with Eq. (9), Eq. (10) or Eq. (11). Figure 3 shows the magnetic field of the PM pair between two concentric magnetically grounded spheres when there is no current flowing through the air-core EM. To visually illustrate the image method, we graph the effects of image dipoles in the grounded spheres. It must be emphasized that the field distributions calculated using the image method are valid only in the free space between the spheres, and are invalid in the region a<r r & a>r s where and H are zero in iron ( ) and are veiled in Fig. 3 . The simulated magnetic fields are compared in Fig. 4 , where the bold solid circles indicate the spherical boundaries (black for the rotor and red for the stator). Figure 4(a) , where there are no magnetic boundaries, serves as a basis for comparison. The effects of the iron rotor and stator boundaries on the magnetic field are compared in Fig. 4(b) and 4(c) respectively. As expected, the magnetic field is perpendicular to magnetically grounded spherical surface ( =0). Similarly, the combined effect of both the iron rotor and stator boundaries on the magnetically field I graphically displayed in Fig. 4(d) .
FIGURE 2. ACTUATOR SYSTEM WITH TWO PM'S AND EM

EFFECTS OF IRON BOUNDARY ON THE TORQUE
Once the magnetic field is known, the torque acting on the rotor can be computed using the Lorentz force equation or Maxwell stress tensor, which are given in Annex A for completeness.
Numerical Validation
To validate the torque computed using the magnetic field computed from the DMP/image method, we compute the torque of the electromagnetic system shown in Fig. 5(a) , where the values of the parameters are based on Tab. 1, and compare the results against the numerical method using ANSYS, a commercial finite-element (FE) analysis package. 
FIGURE 5. COMPARISONS OF COMPUTED TORQUES
Computational time: ANSYS=1,480seconds. DMP=17seconds
In Fig. 5(a) , the rotor consisting of a pair of permanent magnets (PM) rotates with respect to two stator electromagnets (EM). Both the pairs of diagonally symmetric PM and EM are mounted on spherical magnetic boundaries and on the same plane; in this study, the torque about the axis perpendicular to this plane is computed as a function of the separation angle .
ANSYS Model:
Because of the symmetry, the FE model uses cylindrical iron boundaries for simplicity. The procedure for computing the electromagnetic torque using ANSYS can be found in [11] [12] . In ANSYS, the iron boundary was modeled using the eight-node SOLID96 elements ( r =1000 where r is the relative permeability); the free space air volume was modeled using four-node INFIN47 elements; and the air-cored stator coil as SOURCE36 elements. 14) where is a circular boundary enclosing the rotor with the pair of PMs.
Image Method with DMP Model:
For the image method, the two concentric spherical boundaries along with the DMP model of the PM pair are employed in finding the images of the sources and sinks of the dipoles as discussed in Section III. With the specified multi-dipoles and the corresponding images, the magnetic field in the air space between the conducting surfaces is computed, which serves as a basis for computing the Lorentz force and hence the torque from Eq. (13) .
The computed torque is compared in Fig. 5 (b), which shows good agreement with a maximum error less than 5%. Using a Windows-based PC (dual core processor 2.21Ghz CPU and 1GB RAM), the image method with DMP model requires only 13 seconds to compute the torque curve while ANSYS requires 24.67 minutes to compute the thirteen data points. Some discrepancies occurred from the initial position. In the FE method, the quality of mesh significantly affects the accuracy of FE. The distortion of the automatically generated FE mesh could be the cause of the FE error (offset) even when the separation angle is zero.
Effects of Pole Design with Iron Boundary
With the numerically validated torque computation, we further examine the effects of iron boundaries on the actuator design by comparing the magnetic torque of the electromagnetic systems shown in Fig. 2 for a given stator radius r s . Table 2 summarizes the specific geometries of the two designs respectively, where the differences are highlighted in bold; and g is the radial air-gap between the air-cored EM and rotor PMs. The values of the parameters that characterize the DMP models of the PM and EM are given in Tab. 3 and 4 respectively, where the % error is DMP modeling error defined along the magnetization axis of the PM: In each design, the torque is computed for four design configurations DC1 to DC4 (Fig. 2 and 4 ) and plotted as a function of the separation angle (between the magnetization axes of the PM and EM) in Fig. 6 . In addition, the percentage increase in the maximum torques of DC2, DC3 and DC4 relative to DC1 are compared in Tab. 5.
Some observations are summarized as follows: 1. In Design A, the combined rotor/stator irons (DC4) contribute to 9.2% increase in the maximum torque; twothirds are from the iron stator shell while one-third is from the iron rotor. The torque results are consistent with the predicted magnetic field distributions and can be explained with the aid of Fig. 3 as follows. Because of the infinitely high permeability of the iron, the magnetic fluxes go through the shortest path into the iron boundary perpendicularly. The shorter flux path implies higher magnetic field intensity, and thus has a direct effect to increase the force acting on the stator EM. In DC1, the path lines between the two PMs in the r s region are much longer than those in the r r region. As a result, the iron stator plays a more significant role in shortening the path lines than the iron rotor. 2. The image method with DMP model can be used to investigate the effect of pole designs with iron boundaries on the electromagnetic torque of a spherical wheel motor (SWM) [13] . Figure 7 compares the generated torque using the two different PM/EM pole designs (Tab. 2 and 3) for the structure shown in Fig. 5(a) , where iron conductors were used in both the rotor and stator. The results show that Design B generates 58% larger maximum torque than Design A; both magnetic and mechanical structures contribute to this increase. Mechanically, Design B has a larger moment arm r r while magnetically Design B has a smaller (r s -r r ) air region between the rotor and stator reducing magnetic flux leakages in the (r s -r r ) region. In addition, the shortened EM which has an increased width for the same number of turns results in more currentconducting windings in the stronger magnetic fields. 
CONCLUSION
We extended the DMP method to a class of electromagnetic problems using the method image, where PMs and/or EMs are in the presence of magnetically grounded boundary. The DMP/Image method, which solves for the magnetic fields in closed form, has been validated by comparing the torques calculated using the Lorentz force equation against results computed using FEM with Maxwell stress tensor. While the comparison agrees to within 5% in maximum torque, the DMP/image method requires less than 1% of the FEM computation time. A relatively complete formulation has been presented for solving the magnetic field of the dipoles in three different cases of magnetically grounded surfaces. The image solutions have been applied to analyze designs of a spherical wheel motor as illustrative practical applications.
